Abstract: This paper presents a modeling of methyl methacrylate (MMA) polymerization with toluene in the presence of azo-bi's-isobutyronitrile (AIBN) using MATLAB. This work aims to optimize the initial concentration of initiator and the reactor temperature to achieve a maximum monomer conversion in minimum batch time. The optimization of solution polymerization of MMA based on the three-stage polymerization model (TSPM) was performed using ode23t solver. The non-linear polymerization kinetics considered the gel, glass and cage effect to obtain a realistic prediction. The predicted reactor and jacket temperature showed a reasonable agreement with the experimental data, where the error is about 2.7 % and 2.3 %, respectively. The results showed that a maximum monomer conversion of 94 % was achieved at 0.126 kgmol m -3 of the initial concentration of AIBN and 346 K of the initial reactor temperature in 8,951 s (2.5 h).
Introduction
Methyl methacrylate (MMA) is a colorless, volatile organic liquid used for large-scale production of poly-methyl methacrylate (PMMA) via a polymerization process, where the global capacity reached about 0.65 million tons annually [1] . PMMA is widely used for construction, automotive parts, electronic devices and medical applications [2] due to its clarity, light weight and resistance to the effect of UV light and weathering.
According to Lepore et al. [3] , bulk polymerization is an exothermic polymerization process. Bulk polymerization often suffers from non-isothermicity due to improper agitation as a result of increasing solution viscosity. Poor mixing affecting the heat dissipation from exothermic polymerization [4] causing a sudden rise in temperature and the gel effect due to decreases in polymer diffusion. The monomer conversion causes an increase in viscosity and hence decreases the initiator diffusion leading to cage effect. Moreover, a sudden rise in temperature and even thermal runaway effect [5] may occur. Temperature plays a significant role in the polymerization kinetics and the polymer properties. As the temperature increases, the molecular weight and viscosity of reactant decrease [6] . As a result, propagation is more likely to occur and hence enhancing the polymerization rate. The glass and cage effect often occurs at temperatures below the glass transition point, whereby the polymer is converted into a glassy state and the movement of the individual chain segments becomes limited. Whereas, the extreme temperature increased the risk of an explosion due to exothermic reactions. Moreover, the reaction rate and the gel effect intensity increase as the temperature reached 423 K or above [7] . The properties of the final product are strongly influenced by the operating condition and the kinetic reactions in the polymerization reactor. Hence, a well-controlled reactor temperature is important to maintain good product quality and for operation safety concern.
The presence of solvent in polymerization process can enhance the reaction stability by reducing the strong gel effect arising from a sudden change in viscosity [7] . Hence, the solvent or solution polymerization like the one in this work is less prone to non-isothermicity issue. Furthermore, the impact of non-isothermicity can be reduced by dilution or cooling to ensure the reactor temperature remains constant. The effect of non-isothermicity in this work has been limited since it is a solvent polymerization performed in a small reactor (3 L) and equipped with a cooling jacket to maintain reactor temperature. It should be noted that bigger reactor is more susceptible to thermal instability than that of small ones. The operation of the solution polymerization reactor is a challenging due to their complex non-linear nature. From economic aspects, high commercial value and maximum yield of polymer in lower possible operating time are the points of interest to be achieved. Hence, this work aims to achieve maximum MMA conversion at a minimum batch time by performing optimization of the operating condition.
The non-linear MMA polymerization kinetic had been studied extensively. Gel and glass effect was modeled according to Chiu et al. [8] and the cage effect was modeled using Achilias and Kiparissides's [9] model. These models have been reported to work well for MMA polymerization [10] . In earlier work, MMA polymerization had been successfully performed using fuzzy-neural model [11] , ordinary differential equation solver [12] and Successive Quadratic Programming [13] . Previous works showed that numerical models are useful for optimization and control studies in MMA polymerization operation. In this work, the reactor and jacket dynamics were modeled using MATLAB ode23t. MATLAB is used instead of the experimental technique, because it requires low computational demand besides high-quality data is available for validation and comparison. Ordinary differential equation (ode) is widely used in engineering practice due to many physical laws are couched in terms of the rate of a quantity rather than the magnitude of the quantity itself [14] . Ode solver is divided into two categories, i. e., non-stiff and stiff solvers [15] . The solvers such as ode45, ode23 and ode113 were used for non-stiff problem, whereas ode15s, ode23s, ode23t and ode23tb were used for stiff problem [16] . A stiff system is the one involving rapidly changing components together with the slowly changing ones. In this work, ode23t is employed for the reactor and jacket dynamics modeling. Ode23t is suitable for the moderately stiff problem where the numerical damping is not required in the solution.
The predicted reactor and jacket temperature was compared with the experimental data from Soroush and Kravaris [17] . Once validated, the optimization of concentration of azo-bi's-isobutyronitrile (AIBN) and reactor temperature was performed to achieve a maximum MMA conversion at a minimum batch time. Besides, the effects of the initial concentration of AIBN and reactor temperature on the monomer conversion are also studied.
Free radical polymerization kinetic mechanism
It is assumed that solution polymerization follows the standard kinetic scheme, which includes the formation of reactive radicals by the decomposition of AIBN, the reactive addition of monomer units to radical polymer chains in the propagation stage, the growth of a polymer chain is halted in the termination stage and the chain transfer to monomer. The polymerization reaction from MMA to PMMA using AIBN is shown in eq. (1) and the kinetic mechanism of the free-radical polymerization is shown in Table 1 [18] [19] [20] . Where I represents initiator, M is monomer, P is live polymer chain, D is dead polymer chain, n, m are monomer units, k i is the rate coefficient for initiation, k p is the rate coefficient for propagation, k tc is the rate coefficient for termination by coupling, k td is the rate coefficient for termination by disproportionation and k fm is the rate coefficient for chain transfer to monomer reaction.
Polymerization reactor
The polymerization of MMA considered in this work is initiated by AIBN in toluene. AIBN has a good solubility in MMA making them a suitable initiator [21] . In addition, AIBN is safer than other initiators (e. g., benzoyl peroxide) due to its lower explosion risk, besides no oxidation by-products is formed [22] and cause no discoloration, which maintains the physical properties of the polymer [23] . Batch process is often used for MMA polymerization due to its operational flexibility to adjust with the instability of market demand [24] . 
Reactions Mechanisms
Termination by coupling and disproportionation
Chain transfer to monomer
The pilot-scale batch polymerization reactor considered in this work is similar to the one developed and studied by Soroush and Kravaris [17] at Chemical Process Control Laboratory, The University of Michigan. The MMA polymerization takes place in a 3 L jacketed glass vessel (0.1 m in diameter) equipped with a multipaddle agitator. The agitator is driven by a constant 250 RPM motor to mix the reacting materials in the reactor. MMA and toluene at the volume ratio of 7:3 were initially added to the process. Then, the mixture was degassed using nitrogen to remove any potential inhibitor (e. g., oxygen). The initiator (AIBN) was introduced once the reactor was heat-up from room temperature to 319.2 K. Soroush and Kravaris [17] measured the temperature of the batch reactor and the jacket system using a resistance temperature detector (RTD). The RTD has a measurement range of 273-373 K with a tolerance of ± 0.2 K. The model developed in this work is compared with the measurement by Soroush and Kravaris [17] for validation purpose, prior to optimization study.
Mathematical modeling
The assumptions considered in this work are similar to that of Soroush and Kravaris [17] :
i. All of the reactions are elementary and irreversible. ii. A perfect mixing is assumed. iii. Rate of chain transfer to solvent reactions is negligible. iv. Rate of reaction step is independent of the live polymer chain length.
A polymerization process is affected by the reactor temperature, jacket temperature, initial concentration of initiator, concentration of monomer and dead polymer chains. The energy balance (eqs (2) and (3)) and species balance for initiator, monomer and dead polymer chain (eqs (4)- (8)) are given in the form of ordinary differential equation:
where T is reactor temperature, T j is jacket temperature, C i is the concentration of initiator, C m is the concentration of monomer, λ o , λ 1 , λ 2 are the zeroth, first and second moments for the dead polymer chains, respectively. The concentration of live polymer chain and the probability of propagation [5] are given as:
where f is the initiator efficiency, k i , k p , k fm and k t are the rate coefficients for initiation, propagation, chain transfer to monomer and termination, respectively. The probability of propagation (Q) is the possibility of an active radical to propagate further instead of terminating and hence Q affects the distribution of polymer chains. A polymer chain formed from an initiation reaction can either undergo propagation or termination. Q is given as the rate of propagation divided by the total of the rates of reactions (R m , R fm , R fs and R t ) that an active radical may undergo. R m , R fm , R fs and R t are given as:
where the rate of propagation, chain transfer to monomer, chain transfer to solvent and termination are represented by R m , R fm , R fs and R t , respectively. The value of k fm is much smaller than k p , and hence k fm is insignificant in the eq. (11). k fs is ignored since the rate of chain transfer to solvent reaction is negligible in this work. The rate of consumption for initiator is shown as [18, 19] :
The overall heat transfer rate added to the jacket by the heat transfer fluid is given by:
where P is the power input to the heater, F cw and T cw are the inlet flowrate and temperature of cooling water, respectively. c w and ρ w are the heat capacity and density of water, respectively. Gel and glass effect models [8] are modeled as:
where
The Arrhenius law for initiation, propagation, termination and chain transfer to monomer are given as:
The cage effect [9] is modeled as:
where f and f o are initiator efficiency at time t and t = 0. τ DI and τ RI are the characteristic times corresponded to the radical diffusion and the chain initiation, respectively.
where r 1 and r 2 are the effective reaction radius at inner and outer diffusion cage, respectively, D I is a radical diffusion coefficient [25] ,V f is specific free volume of mixture, V fm and V fp are the free volume of monomer and polymer [26] , k io is intrinsic chain initiation rate coefficient and ϵ i is proportionality coefficient. Theoretically, radical cage is assumed as a sphere [9] . The initial hydrodynamic diameter of the PMMA is computed as:
The weight-average molecular weight, number-average molecular weight of dead polymer chain and polydispersity are given by:
The volume change effect is considered due to the change of density during the conversion of monomer to polymer, the final volume of reacting mixture is given as:
where V o is the initial volume of reacting mixture, ε is volume expansion factor and Φ mo is the initial volume fraction of monomer. A monomer conversion with respect to polymerization time is formulated as:
All eqs (2)-(47) represent the reactor and jacket dynamics models of the batch MMA polymerization reactor were solved numerically using MATLAB. The model parameters for gel effect, glass effect, cage effect and kinetics are shown in Table 2 .
5 Formulation of optimization problem
Reactor temperature
Optimization of reactor temperature (T o ) was performed to obtain a maximum monomer conversion (X m ) in a minimum batch time (t f * ) using the following algorithm: ) and initial concentration of initiator (C io = 0.13 kgmol m -3 ) were kept constant. Final batch time was set at t f = 21,600 s.
Initial concentration of AIBN
An optimization algorithm to obtain a maximum monomer conversion (X m ) in a minimum batch time (t f * ) by varying the initial concentration of AIBN (C io ) was formulated as follows:
The variables, i. e., jacket temperature (T jo = 330 K) and initial concentration of monomer (C mo = 6.01 kgmol m -3 ) were kept constant. Final batch time was set at t f = 21,600 s.
6 Results and discussion
Validation of reactor and jacket temperature
At first, the reactor and jacket dynamic models were solved using ode45 solver, which fails to produce any solution indicating a stiff problem. Thus, a moderately stiff ode23t solver was used to predict the reactor and jacket temperature in the solution polymerization of MMA. The model produced a result within a few seconds. The initial parameters were set at 6.01 kgmol m -3 of monomer concentration, 0.13 kgmol m -3 of initiator concentration, 295 K of reactor temperature and 330 K of jacket temperature, to enable comparison with Soroush and Kravaris [17] . A final batch time of 21,600 s (6 h) was set for the model. Figures 1 and 2 show a comparison between the predicted and measured temperature of the reactor and heating/cooling jacket, respectively. Figure 1 shows that the predicted temperature is in good agreement with error about 2.7 % compared to the experimental measurement by Soroush and Kravaris [17] . The model prediction is marginally higher than that experimentally observed which may be attributed by the exclusion of heat loss to surrounding in the model. In the case of a glass jacketed reactor, the heat loss from the reactor is minimal and confined only to the non-jacketed region on the top of the reactor. Solution polymerization of MMA is an exothermic reaction actively releasing excess heat to its surroundings. The predicted jacket temperature profile in Figure 2 also showed marginally higher temperature than the experimental measurement. The deviation between the predicted and measured jacket temperature is about 2.3 %. As shown in Figures 1 and 2 , a minor fluctuation was observed experimentally in the reactor and jacket temperature after 5 h of the polymerization process. According to Soroush and Kravaris [17] , this fluctuation is caused by the high viscosity of reacting mixture and the coalescence of the nitrogen bubbles. A thick polymer layer was then formed and affecting the overall heat transfer in the batch reactor. The reactor control system triggers a sharp change in the manipulated inputs (power input to the heater, P and coolant flowrate, F cw ) to adhere to the set point and hence, resulting in a minor fluctuation. In contrast, a constant heat transfer coefficient and a perfect mixing were assumed in MATLAB modeling. Thus, no fluctuation of temperature was obtained for the predicted temperature in Figures 1 and 2 . This is the reason that the predicted result of this study does not fully match with the experimental temperature measured by Soroush and Kravaris [17] , especially after the 5 h of operation. However, a fair agreement was obtained from the predicted temperature throughout the polymerization process with 2.7 % and 2.3 % of deviation from the measured reactor and jacket temperature, respectively. Hence the developed model can be used for optimization study.
Optimization of initial condition
The initial condition for monomer concentration of 6.01 kgmol m -3 , 0.13 kgmol m -3 of initiator concentration and 330 K of jacket temperature were set to evaluate the effect of reactor temperature. Table 3 shows the effect of the reactor temperature on conversion of monomer obtained from the optimization study. The result shows that a higher temperature promotes better initiator decomposition and also enhanced the reaction between the initiator and monomer, resulting in a higher conversion of monomer, as shown in Table 3 . Temperature strongly affects the initiator decomposition and conversion of MMA. The conversion of MMA increases as the reactor temperature increase from 295 to 345 K. A sufficiently high temperature is important to reduce the diffusion resistance caused by the gel effect. Nevertheless, the conversion of MMA decreases as the temperature increased beyond 345 K. This may be due to the degradation of monomer often associated with high-temperature polymerization. Table 3 shows that MMA conversion over 0.90 was achieved at a temperature ranged from 344 to 346 K. As reactor temperature increases from 344 to 345 K, the MMA conversion increases from 0.91 to 0.95, as well as the batch time. The monomer conversion decreased to 0.92 as the temperature increased to 346 K, but at the same time the batch time dropped dramatically from 21,146 to 7,011 s. Thus, the reactor temperature of 346 K was chosen as the optimum condition which produces conversion of 92 % and residence time of 7,011 s. The initial condition corresponds to 6.01 kgmol m -3 of monomer concentration, 346 K of reactor temperature and 330 K of jacket temperature were used to evaluate the optimum initial concentration of AIBN for the MMA polymerization in this work. Table 4 shows the effect of the initial concentration of AIBN on conversion of monomer obtained from the optimization study. As shown in Table 4 , the MMA conversion increases from 0.67 to 0.94 as the initial concentration of AIBN increased from 0.05 to 0.128 kgmol m . This is because increasing the concentration of AIBN increased the probability of AIBN to react with MMA, hence enhancing the polymerization process. However, the conversion of MMA decreases as the concentration of AIBN increased beyond 0.128 kgmol m 
Effect of AIBN concentration
Conversion of MMA is significantly affected by the initial concentration of AIBN, as shown in Figures 3 and 4 . Figure 3 showed a sudden drop of the AIBN concentration from 0.126 to 0.02 kgmol m -3 , while the conversion of MMA increased instantly to 0.90 within the first 1,500 s (Figure 4 ). The instant polymerization reaction is due to the presence of a sufficient amount of AIBN in the reactor and hence promoting the reaction between the decomposed AIBN and MMA, as well as enhancing the propagation rate. After 1,500 s, a sufficiently large amount of long chain polymer occupied most of the reactor volume, hence reducing the probability of AIBN and MMA to react. Furthermore, the amount of the remaining AIBN is limited as the polymerization reaction progresses. Thus, the rate of propagation is limited and the concentration of AIBN shows almost a plateau profile after the first 1,500 s. Figure 5 shows the reactor temperature profile for the solution polymerization of MMA. Temperature fluctuation was observed in Figure 5 , whereby the reactor temperature suddenly increased from 346 K to the maximum of 387.7 K in the first 1,500 s. This is due to a large amount of heat released from the exothermic reaction between MMA and AIBN which corresponds to a large consumption of AIBN and MMA as showed in Figures 3 and 6 , respectively. As a result, a maximum conversion of MMA (close to 100 %) was obtained as shown in Figure 4 . After 1,500 s, the propagation reaction reduced due to the limited amount of remaining reactants. The reactor temperature stays nearly constant at about 324 K from a time between 2 to 6 h, after the initial temperature spike. Figure 7 shows the rate coefficients' plot along the polymerization time. A sudden rise of the values for all the rate coefficients in the first 1,500 s was observed, which coincide with the sudden increase in temperature due to a fast polymerization reaction occurring at the same time (see Figures 4 and 5 ). Higher temperature induced faster movement and higher collision rate between reactants. ) versus time, t (h).
Effect of reactor temperature
Higher collision rate results in a higher kinetic energy, in which the reactants are sufficiently energetic (kinetic energy should be higher than the activation energy) to ensure the reaction to occur. This implies that a faster polymerization reaction is much more likely at a higher reactor temperature for a process with a lower activation energy. The simulation results showed that approximately 4 % increase in the rate coefficients for every 10 K rise in temperature. A smaller rate coefficient values were observed for k i and k fm due to their larger activation energies (E i and E fm ) compared to others i. e. k p , k po , k t and k to . It was also observed that k i and k fm increased and dropped much faster than the other rate coefficients (k p , k po , k t and k to ). The rate coefficients steadily dropped after the first 1,500 s as the reactant becomes limited. After 7,200 s, no substantial change was observed in all rate coefficients, as the reactor temperature is kept constant around 324 K. An approximately isothermal condition is maintained after 7,200 s. This work showed that the rate coefficients are strongly affected by their activation energies and the reactor temperature. Figure 8 shows the zeroth, first and second moments for dead polymer chains. Dead polymer chain is formed during the termination reaction where the polymer chain is incapable of further growth. Sharp increases in dead polymer chains concentration in the first 1,500 s are caused by the increases of termination rate (k t in Figure 7) . However, the monomer conversion in this work is not affected by the dead polymer chain formation. As shown in eqs (9) and (11), the propagation reaction depends on k t a , where the exponent |a| is small (0.5). Therefore, the propagation reaction still occurs, even though k t is much larger than the k p as shown in Figure 7 . Figures 9-11 show the weight-average molecular weight (M w ), number-average molecular weight of dead polymer chains (M n ) and polydispersity index (PDI), respectively. The evolution of M w and M n in Figures 9  and 10 are similar as the monomer conversion in Figure 4 and the moments plot in Figure 8 . As monomer conversion increases, the viscosity of reacting mixture increases. This causes a cage effect and the polymer chain stopped growing. In the meantime, the formation of a dead polymer chain is increasing due to the termination of polymerization in the first 1,500 s. Hence, M w and M n are increasing as well. PDI is a measure of polymer molecular weight distribution. A polydisperse polymer has a PDI > 1, where all the molecules consist of different chain length. While a monodisperse polymer consists of similar length chains (PDI = 1). Usually, chain polymerization yielded values of PDI between 1.5 and 20. PDI values increase as a reaction product becomes more heterogeneous owing to the difficulty of controlling the operating conditions in exothermic and non-linear polymerization process. In this work, PMMA is polydisperse with the PDI is about 7.9. The physical properties and mechanical properties (e. g., tensile strength, impact resistance and elasticity) of polymers are affected by their molecular weight. The desired polymer products should have a sufficiently long chain length (high M n ) and low PDI.
Conclusion
The optimization of solution polymerization of MMA with toluene in the presence of AIBN as the initiator was performed using MATLAB. The model prediction showed good agreement with the experimental data with about 2.7 % and 2.3 % of deviation in the reactor temperature and jacket temperature, respectively. This work indicated that 94 % of MMA conversion at a minimum batch time of 
